We study the cosmological predictions of two recently proposed non-local modifications of General Relativity. Both models have the same number of parameters as ΛCDM, with a mass parameter m replacing the cosmological constant. We implement the cosmological perturbations of the non-local models into a modification of the CLASS Boltzmann code, and we make a full comparison to CMB, BAO and supernova data. We find that the non-local models fit these datasets as well as ΛCDM. For both non-local models parameter estimation using Planck +JLA+BAO data gives a value of H 0 higher than in ΛCDM, and in better agreement with the values obtained from local measurements.
Introduction
The observational evidence for the accelerated expansion of the Universe [1, 2] has stimulated renewed interest in modifications of General Relativity (GR). A possible approach, which has been suggested by different lines of investigations, is to add some non-local terms to GR. Non-locality in this case should not be considered as fundamental. In many physical situations non-local terms emerge from a fundamental local theory, by a classical or a quantum averaging process. For instance, non-local (but causal) effective equations govern the dynamics of the in-in matrix elements of quantum fields, and encode ultraviolet (UV) quantum corrections to the classical dynamics [3, 4] . The cosmological consequences of non-local UV effects have been recently studied e.g. in [5] [6] [7] [8] . UV effects are however expected to be relevant only in the large-curvature regime, so for instance for the issue of smoothing the big-bang singularity, but should not be cosmologically relevant in the present epoch. Non-local modifications of GR are however also expected to emerge from infrared (IR) corrections to the effective field equations. These are indeed known to become potentially large in quantum field theory in curved space, most notably in de Sitter, which is the most studied case, see e.g. [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] , and therefore they can potentially modify the long-distance behavior of GR.
Ultraviolet corrections in quantum field theory in curved space are by now well understood, as summarized in textbooks such as [21] . The situation for IR effects in curved space is much more complicated. Often, they manifest themselves through secularly growing terms in back-reaction computations. Such terms signal the onset of an instability, but it is typically beyond the present technology to follow the fate of the instability when the back-reaction becomes large, and to compute from first principles a corresponding effective (and in general non-local) equation of motion that describes these effects. While a better understanding of infrared effects in curved space would be highly desirable, a simpler phenomenological attitude is to postulate a non-local modification of GR which involves inverse powers of the d'Alembertian, and therefore becomes relevant in the IR, and to study its cosmological consequences. Eventually such a program will only be successful if one will be able to derive such non-local terms from first principles. However, a first step can be to understand what sort of non-local terms can give rise to an interesting cosmology. Identifying a non-local model that works well with respect to the cosmological observations would be of great help in understanding how to derive such an effective theory from fundamental principles (much as understanding the structure of the Fermi theory of weak interactions at low energies was instrumental for building the Standard Model, several decades afterwards).
In this spirit, in recent years there have been many investigations of non-local modifications of GR. For instance, non-local operators appear in the degravitation proposal [22, 23] , where the insertion in the Einstein equations of an operator of the form (1 − m 2 /2) was argued to have a screening effect on the cosmological constant (see also [24] ). Non-local long-distance modifications of GR have been suggested in [25] [26] [27] [28] . Constructing a nonlocal model that produces a dynamical dark energy and fits well the observations is however quite non-trivial. For instance, in recent years much attention has been devoted to a nonlocal cosmological model proposed in [29] (see [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] ). This model is based on the addition of a term of the form Rf (2 −1 R) to the Einstein-Hilbert action, where R is the Ricci scalar. The function f (X) was chosen to obtain a viable cosmology for the background evolution.
The result turns out to be not very natural,
, where Y = X + a 5 , and a 1 , . . . a 5 are coefficients fitted to the observed expansion history. More importantly, once the function f (X) is fixed in this way, one can compute the cosmological perturbations and it turns out that this model is ruled out with great statistical significance, at 7.8σ from redshift space distortions, and at 5.9σ from weak lensing [40] . A different non-local approach, which appears to be phenomenologically successful, has been recently developed by our group [42] [43] [44] [45] [46] [47] [48] [49] [50] and further discussed in [51] [52] [53] [54] . In its simplest form, it is based on the action [47] 
Integrating by parts the 2 −1 operator, this non-local action can be rewritten as
where f (X) = X 2 . This model works well, compared to cosmological observations, both at the level of background evolution and at the level of cosmological perturbations. The fact that this success is obtained with the simple choice f (X) = X 2 , rather than with a highly fine-tuned function, certainly makes the model stand out for its simplicity. Nonetheless, it is important to explore also different related non-local models, to see to what extent one can extract general predictions. From this point of view, a first useful observation is that models involving tensor non-localities, e.g. involving terms such as R µν 2 −2 R µν in the action, or terms 2 −1 R µν in the equations of motion, do not provide a viable cosmological evolution already at the background level, since they are plagued by fatal run-away instabilities [39, 45, 47, 51] . This restricts significantly the class of viable models, and provides potentially useful indications for the construction of the corresponding fundamental theory.
To understand how much the results depend on our choice of a specific model, in our previous studies we have compared the model (1.1) to another non-local model, which is defined directly at the level of equations of motion, by [43] 
where the inverse of the d'Alembertian is defined with the retarded Green's function, and the superscript "T" denotes the extraction of the transverse part of a tensor (which is itself a non-local operation). The extraction of the transverse part ensures that the left-hand side of Eq. (1.3) has zero divergence, and therefore T µν is automatically conserved. While the model defined by Eq. (1.1) corresponds to the simplest possible action in this class, the model (1.3) provides the most compact equation of motion, so in a sense they are both selected by simplicity. These two models are also related by the fact that, when linearizing the equations of motion derived from the action (1.1) around flat space, one finds the same equations of motion as those obtained by linearizing Eq. (1.3) [47] . However, beyond the linear level in an expansion over Minkowski space, or for generic backgrounds (such as FRW), the equations of motion of the two theories are different. In the end, if the comparison with the data should eventually point toward the correctness of a non-local model of this sort, it might also point toward the necessity of refining it. It must certainly be borne in mind that our quantitative results are in any case specific to the models that we use. Ideally, one would like to eventually derive the non-local model from first principles, and this should select the exact non-local structure. The purely phenomenological approach that we rather take here could help in identifying a promising non-local structure, paving the way for a first-principle approach.
In our previous studies of the models (1.1) and (1.3) we found that they give qualitatively similar cosmological predictions [43, 47, 48] . In particular, in both models the non-local term effectively acts as a dynamical dark energy (DE) 
The aim of this paper is to perform a detailed comparison of these non-local models with cosmological observations. We will refer to them as the "R 2 −2 R model" and the "g µν 2 −1 R model", respectively. For the g µν 2 −1 R model, cosmological perturbations have already been worked out in [48, 52] . In particular, Nesseris and Tsujikawa [52] showed that the g µν 2 −1 R model is consistent witn SNe (Union 2.1), BAO, CMB and growth rate data. However for the CMB they only used the Planck CMB shift parameters and did not implement the model in a Boltzmann code. For the R 2 −2 R model, cosmological perturbations have been worked out in [48] , where again consistency with SN and structure formation data was found. However, an accurate comparison with CMB data requires to implement the cosmological perturbations of these models in a Boltzmann code. We have now implemented the cosmological perturbations of both non-local models in a Boltzmann code, modifying the CLASS code [55] [56] [57] [58] . In this paper we present an accurate comparison of these models with CMB, SNe, BAO and HST data. We perform parameter estimation for these models, and we compare their goodness of fit to that of ΛCDM, using the Markov Chain Monte Carlo (MCMC) code Montepython v2.1.0 [59] . In this paper we present the main results of this analysis. A more extended discussion will be presented elsewhere. Table 3 : As Table 1 , adding to Planck +JLA+BAO also the HST value H 0 = 73.0 ± 2.4.
Results
We use as datasets the CMB data from the Planck 2013 data release [60] , type-Ia supernovae from JLA [61] , and BAO data from BOSS [62] and 6dF [63] . As a set of cosmological parameters we vary in our analysis the baryon density today ω b = Ω b h 2 0 , the cold dark matter density ω c = Ω c h 2 0 , the Hubble parameter today H 0 = h 0 (100 km s −1 Mpc −1 ), the amplitude of scalar perturbation A s , the scalar spectrum index n s and the redshift at which the Universe is half-reionized z re . In ΛCDM the dark energy density Ω Λ is a derived parameter, fixed by the flatness condition. Similarly, in our model the mass parameter m 2 is a derived parameter, fixed again from the condition Ω tot = 1. The non-local models and ΛCDM therefore have the same set of free parameters, which facilitates their comparison. Table 1 shows the mean values with the 1σ errors for these parameters, obtained from our MCMC using the Planck data only. In Table 2 we show the results obtained combining Planck, JLA and BAO. Our values for ΛCDM are in agreement, within the statistical error, with those reported in [60] . We see from the tables that the g µν 2 −1 R case gives intermediate predictions between ΛCDM and the R2 −2 R model. Fig. 1 shows the separate 1σ and 2σ contours for CMB, BAO and SNe in the plane (H 0 , Ω c ). We notice that for the g µν 2 −1 R model these dataset are fully consistent, while in the R2 −2 R model there is a slight tension between CMB and SN data, which explains the higher χ 2 for this model in Table 2 (although even for this model the datasets are in agreement within 2σ).
In Fig. 2 we show the marginalized likelihood for ω b , ω c , n s and H 0 , while in Fig. 3 we show the 1σ and 2σ contours of the likelihood function in the (H 0 , ω c ) plane, for ΛCDM and for the two non-local models. Among the various parameters, the most significant difference is in H 0 , which in both non-local models is higher than in ΛCDM. Local measurements of H 0 from the HST give H 0 = 73.8±2.4 (in units of km s −1 Mpc −1 ) [64] , or H 0 = 73.0±2.4 after the recalibration to NGC 4258 in [65] , while [66] gives H 0 = 74.3±1.5(stat)±2.1(sys). At present there is no consensus on whether these high values are due to unaccounted systematics in the SN data [67] , statistical fluctuations [68] , or an indication of deviations from ΛCDM. In any case, it is interesting to observe that in the non-local models, using only the Planck +JLA+BAO dataset (so, without including HST), H 0 automatically comes out higher. Thus, including also the HST value in the fit tends to favor the non-local models over ΛCDM. In Table 3 we show the results of adding to the Planck +JLA+BAO dataset also the HST value H 0 = 73.0 ± 2.4, chosen just as an example of the impact of a high value. We see that the χ 2 for the three model are quite comparable, with a slight preference for the g µν 2 −1 R model.
Finally, in Fig. 4 we show the best-fit prediction for the CMB multipoles. It is interesting to observe that, at low multipoles, the R2 −2 R model has a smaller amplitude, which goes in the direction indicated by the data, although of course in this region cosmic variance dominates. A similar result has been shown in [54] (although without performing parameter estimation for the model).
The conclusion of this analysis is that these non-local models, and particularly the g µν 2 −1 R model, fit the present cosmological data as well as ΛCDM, and in fact even slightly better if H 0 will turn out to have a high value. Both models have the same number of parameters as ΛCDM, and in this sense they are quite unique, among the vast literature on modified gravity models. To the best of our knowledge, there is no other model that is competitive with ΛCDM from the point of view of fitting current observations (at a level of accuracy which tests not only the background evolution but also the cosmological perturbations of the model), without being an extension of ΛCDM with extra free parameters. This non-local approach therefore seems to provide an interesting new line of attack to the problem of finding a dynamical explanation for dark energy. From the point of view of the analysis of cosmological data, these non-local models also provide a welcome competitors, against which we can test the validity of ΛCDM. 
